Waiting Time

Classroom Experiment

Goal:  To estimate the probability of finding three heads in a row at least       once when tossing a coin n times.
Motivation: Tells us how to choose word size for matching when comparing a known DNA sequence to the sequences in a huge database.

The Experiment:  
Each student tosses a coin until the first occurrence of 3 heads in a row.  This is one trial.  If ten tosses do not produce three heads in a row, stop and begin a new trial.  Repeat trials, if necessary, so that there are 100 trials across all the students in the class.  For each trial, record in the table which toss (if any) gives the first occurrence of three heads in a row.
EXAMPLE: 
Note that the first occurrence of three heads in a row is marked in bold.

              1 2 3 4 5 6 7 8 9 10

Trial 1:  H T H H T H H H
Trial 2:  T T H H H 

Trial 3:  H T T H H T H H H 

Trial 3:  H T T H H T H T H H 

	N  =
	3
	4
	5
	6
	7
	8
	9
	10
	None

	Trial 1
	
	
	
	
	
	X
	
	
	

	Trial 2
	
	
	X
	
	
	
	
	
	

	Trial 3
	
	
	
	
	
	
	X
	
	

	Trial 4
	
	
	
	
	
	
	
	
	X

	Total in 4 trials
	0
	0
	1
	0
	0
	1
	1
	0
	1


Student Trial Record.  Write down your tosses and fill in first table.
Trial 1:

Trial 2:

Trial 3:

Trial 4:

Extra Trial:

Extra Trial:

For each trial, record first toss where you get three heads in a row.
	N  =
	3
	4
	5
	6
	7
	8
	9
	10
	None

	Trial 1
	
	
	
	
	
	
	
	
	

	Trial 2
	
	
	
	
	
	
	
	
	

	Trial 3
	
	
	
	
	
	
	
	
	

	Trial 4
	
	
	
	
	
	
	
	
	

	Extra Trial
	
	
	
	
	
	
	
	
	

	Extra Trial
	
	
	
	
	
	
	
	
	

	Total in all trials
	
	
	
	
	
	
	
	
	


Class Trial Record

	N  =
	3
	4
	5
	6
	7
	8
	9
	10
	None

	Total in 100 trials
	
	
	
	
	
	
	
	
	

	Probability

Total/100
	
	
	
	
	
	
	
	
	

	Cumulative Probability
	
	
	
	
	
	
	
	
	


Note:  Cumulative probability for n = k is the sum of all cells in row two from n = 3 to n = k.

Questions:
1.  Which toss had the highest probability of producing the first occurrence of three heads in a row?
2.  30% of the trials saw at least one occurrence of three heads in a row by which toss (use the cumulative probability row)?

3.  Did 60% of the trials produce at least one occurrence in 10 tosses?
Calculating Waiting Time Probabilities
The Theory

Here we develop the theory for calculating the waiting time probability.  We examine how to calculate the probability of seeing a first occurrence of three heads in a row for the first six tosses.

Let:

F(HHH:n) denote the probability of three heads in a row occurring for the first time at the nth toss.

Calculating F(HHH:1) and F(HHH:2):  

We need at least three tosses to see three heads in a row, so each of these values is zero:

F(HHH:1) = 0

F(HHH:2) = 0
Calculating F(HHH:3):
Let:

P(H) denote the probability of tossing a head

P(T) denote the probability of tossing a tail

In a running example, we will let 

P(H) = 1/2

P(T) = 1/2

Look at the diagram of all possible coin toss sequences on the next page.  At the third toss, 3 heads in a row occurs first only when the first three tosses are H.  The probability of this happening is P(H) · P(H) · P(H) = P(H)3. So 
F(HHH:3) = P(H) 3
Following the example, F(HHH:3) = (1/2) 3 = 1/8 and there is one first occurrence in the diagram out of 8 in the third toss
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Ending  HHH  in bold.  First occurrence HHH in box.   *  marks a sequence with at le a st one HHH.  

Calculating F(HHH:4):
Refer again to the diagram.  The occurrences we want to count all end with 3 heads in a row after 4 tosses.  This can occur in two ways:

HHHH
THHH
The probability of ending with three heads is just P(H) 3 = 1/8 and there are two such occurrences out of 16. But, only one of these, THHH is a first occurrence.  

Key point!!! This is the trick:

To eliminate the other, we need to subtract the probability that a first occurrence at toss 3 was extended to 3 heads in a row ending at toss 4.
____

HHHH
This happens when we toss one more head, so the probability to subtract is F(HHH:3) · P(H).

Now, we have 

F(HHH:4) = P(H) 3 – F(HHH:3) · P(H)
Following the example, we get 1/8 – 1/8(1/2) = 1/16 and there is one first occurrence out of 16 at toss 4.
Calculating F(HHH:5):
Refer again to the diagram.  The occurrences we want to count all end with 3 heads in a row after 5 tosses.  This can occur in four ways:

HHHHH
HTHHH
THHHH
TTHHH
The probability of ending with three heads is again just P(H)3 = 1/8 and there are four such occurrences out of 32. But, only two of these, HTHHH and TTHHH are first occurrences.  

Key point again!!! Overlaps are important:

To eliminate the others, we need to subtract:

1. the probability that a first occurrence at toss 3 was extended to 3 heads in a row ending at toss 5.  

____

HHHHH
This happens when we toss two more heads, so the probability to subtract is F(HHH:3) · P(H)2.

2. the probability that a first occurrence at toss 4 was extended to 3 heads in a row ending at toss 5.

HHHH
This happens when we toss one more head, so the probability to subtract is F(HHH:4) · P(H).

Now, we have 

F(HHH:5) = P(H) 3 – F(HHH:3) · P(H)2 – F(HHH:4) · P(H)  

Following the example, we get 1/8 – 1/8(1/4) – 1/16(1/2) = 2/32 and there are two first occurrences out of 32 at toss 5.

Calculating F(HHH:6):
Refer again to the diagram.  The occurrences we want to count all end with 3 heads in a row after 6 tosses.  This can occur in eight ways:

HHHHHH  THHHHH
HHTHHH  THTHHH
HTHHHH  TTHHHH
HTTHHH  TTTHHH
The probability of ending with three heads is again just P(H)3 = 1/8 and there are eight such occurrences out of 64. But, only four of these, HHTHHH, HTTHHH, THTHHH and TTTHHH are first occurrences.  

Last key point!!! Earlier occurrences count even if they don’t overlap:

To eliminate the others, we need to subtract:

1. the probability that a first occurrence at toss 3 was extended to 3 heads in a row ending at toss 6.  

____

HHHHHH
This happens when we toss three more heads, so the probability to subtract is F(HHH:3) · P(H)3.

2. the probability that a first occurrence at toss 4 was extended to 3 heads in a row ending at toss 6.

HHHHH
This happens when we toss two more heads, so the probability to subtract is F(HHH:4) · P(H)2.

3. the probability that a first occurrence at toss 5 was extended to 3 heads in a row ending at toss 6.

HHHH
This happens when we toss one more head, so the probability to subtract is F(HHH:5) · P(H).

Now, we have 

F(HHH:6) = P(H) 3 – F(HHH:3) · P(H)3 
                                                   – F(HHH:4) · P(H)2 
                                 – F(HHH:5) · P(H)  
Following the example, we get 1/8 – 1/8(1/8) – 1/16(1/4) – 2/32(1/2) = 4/64   and there are four first occurrences out of 64 at toss 6.

Generalizing the formula for F(HHH:n):

We will use the following points:

1.  At every toss (3, 4, 5, 6, …) the probability of ending with HHH is P(H)3.

2. Not all the HHH endings should be counted.  Specifically we need to subtract out the probability of endings that occur after another first occurrence.  Some will overlap with the earlier first occurrences.

3. Since we are using a pattern of size 3 (HHH), when we consider toss n, the only earlier first occurrences that can overlap are at n – 1 and n – 2. For these we need to multiply by the probability of adding one or two more heads, that is P(H) or P(H)2.
4. For other earlier occurrences (n – 3, n – 4, …, 3), we need to multiply by the probability of three heads, P(H)3.
for n ≥ 3

F(HHH:n) = P(H)3          // all the nth toss combinations that end in HHH
                       – F(HHH: n – 1) · P(H)     // minus those following an earlier
                                                                               // occurrence one toss back

                      –  F(HHH: n – 2) · P(H)2    // minus those following an earlier      
                                                                   // occurrence two tosses back
                     –  ∑ k = 3 to n – 3 F(HHH: k) · P(H)3   // minus those following
                                                                // earlier occurrences

                                                                        // three or more tosses back
The following table contains calculated values for F(HHH:n) for n = 1 to 10.  Compare it with estimated values from the experiment.

Calculated probabilities for first occurrence of three heads in a row when P(H) = 0.5
	N  =
	3
	4
	5
	6
	7
	8
	9
	10

	Probability


	0.1250
	0.0625
	0.0625
	0.0625
	0.0547
	0.0508
	0.0469
	0.0430

	Cumulative Probability
	0.1250
	0.1875
	0.2500
	0.3125
	0.3672
	0.4180
	0.4649
	0.5079


Extensions:
1.  The formula for F(HHH:n) can be used to calculate the probability of first occurrence for values of P(H) other than 0.5.  The electronic form of this document contains part of an excel spreadsheet which allows modifying the P(H) value for pattern HHH.

2.  Try producing the formula for 4 heads F(HHHH:n).
3.  Other types of patterns can produce higher probabilities than simple runs of heads.  For example, the pattern HHxH (which is two heads followed by a don’t care position, followed by a head) produces higher cumulative probabilities usually after toss number 8.  This type of pattern actually consists of two patterns, HHHH and HHTH because we don’t care what is in the third position.  The formula is more complicated because overlaps of the two patterns must be considered.  This type of pattern is the newest being used for sequence similarity search.  The electronic form of this document contains an excel spreadsheet which computes the probabilities for the pattern HHxH.
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P(1) P(0) P(1) value can be modified

0.5 0.5

HHH

P(111) Position Probability Cumulative

1 0.000000 0.000000

2 0.000000 0.000000

3 0.125000 0.125000

4 0.062500 0.187500

5 0.062500 0.250000

6 0.062500 0.312500

7 0.054688 0.367188

8 0.050781 0.417969

9 0.046875 0.464844

10 0.042969 0.507813

11 0.039551 0.547363

12 0.036377 0.583740

13 0.033447 0.617188

14 0.030762 0.647949

15 0.028290 0.676239

16 0.026016 0.702255

17 0.023926 0.726181

18 0.022003 0.748184

19 0.020235 0.768419

20 0.018609 0.787028

21 0.017114 0.804142

22 0.015738 0.819880

23 0.014474 0.834354

24 0.013311 0.847665

25 0.012241 0.859906

26 0.011257 0.871164

27 0.010353 0.881516

28 0.009521 0.891037

29 0.008756 0.899793

30 0.008052 0.907846

31 0.007405 0.915251

32 0.006810 0.922061

33 0.006263 0.928324

34 0.005760 0.934083

35 0.005297 0.939380

36 0.004871 0.944252

37 0.004480 0.948731

38 0.004120 0.952851

39 0.003789 0.956640

40 0.003484 0.960124
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P(1) P(0) P(1) value can be modified

0.5 0.5

HHTH or HHHH

P(11X1) Position P(1111) P(1101) Probability Cumulative

1 0.000000 0.000000 0.000000 0.000000

2 0.000000 0.000000 0.000000 0.000000

3 0.000000 0.000000 0.000000 0.000000

4 0.062500 0.062500 0.125000 0.125000

5 0.031250 0.062500 0.093750 0.218750

6 0.031250 0.046875 0.078125 0.296875

7 0.023438 0.039063 0.062500 0.359375

better --> 8 0.023438 0.035156 0.058594 0.417969

9 0.021484 0.033203 0.054688 0.472656

10 0.019531 0.030273 0.049805 0.522461

11 0.017578 0.027344 0.044922 0.567383

12 0.015869 0.024658 0.040527 0.607910

13 0.014404 0.022339 0.036743 0.644653

14 0.013062 0.020264 0.033325 0.677979

15 0.011841 0.018372 0.030212 0.708191

16 0.010727 0.016647 0.027374 0.735565

17 0.009720 0.015083 0.024803 0.760368

18 0.008808 0.013668 0.022476 0.782845

19 0.007982 0.012386 0.020369 0.803213

20 0.007234 0.011225 0.018458 0.821671

21 0.006555 0.010172 0.016727 0.838398

22 0.005940 0.009218 0.015158 0.853556

23 0.005383 0.008353 0.013736 0.867293

24 0.004878 0.007570 0.012448 0.879740

25 0.004421 0.006860 0.011280 0.891020

26 0.004006 0.006216 0.010222 0.901242

27 0.003630 0.005633 0.009263 0.910506

28 0.003290 0.005105 0.008394 0.918900

29 0.002981 0.004626 0.007607 0.926507

30 0.002701 0.004192 0.006893 0.933401

31 0.002448 0.003799 0.006247 0.939648

32 0.002218 0.003442 0.005661 0.945309

33 0.002010 0.003120 0.005130 0.950438

34 0.001822 0.002827 0.004649 0.955087

35 0.001651 0.002562 0.004213 0.959300

36 0.001496 0.002322 0.003818 0.963118

37 0.001356 0.002104 0.003460 0.966577

38 0.001229 0.001906 0.003135 0.969712

39 0.001113 0.001728 0.002841 0.972553

40 0.001009 0.001566 0.002574 0.975128
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		0.0122411251		0.859906137

		0.0112574697		0.8711636066

		0.0103528574		0.8815164641

		0.0095209368		0.8910374008

		0.0087558664		0.8997932673

		0.0080522746		0.9078455418

		0.007405221		0.9152507628

		0.0068101624		0.9220609253

		0.0062629208		0.9283238461

		0.0057596536		0.9340834997

		0.0052968273		0.939380327

		0.0048711922		0.9442515192

		0.0044797596		0.9487312788

		0.0041197813		0.9528510601

		0.0037887296		0.9566397897

		0.00348428		0.9601240697

		0.0032042951		0.9633283648

		0.0029468087		0.9662751735

		0.0027100131		0.9689851867

		0.0024922456		0.9714774323

		0.0022919772		0.9737694095

		0.0021078017		0.9758772112

		0.0019384258		0.977815637

		0.0017826605		0.9795982975

		0.0016394119		0.9812377094

		0.0015076743		0.9827453837

		0.0013865227		0.9841319064

		0.0012751064		0.9854070128

		0.0011726432		0.9865796559

		0.0010784135		0.9876580695

		0.0009917559		0.9886498253

		0.0009120617		0.989561887

		0.0008387715		0.9904006585

		0.0007713707		0.9911720292

		0.0007093859		0.9918814151

		0.0006523821		0.9925337972

		0.0005999588		0.993133756

		0.0005517482		0.9936855042

		0.0005074116		0.9941929157

		0.0004666377		0.9946595534

		0.0004291402		0.9950886937

		0.000394656		0.9954833497

		0.0003629428		0.9958462924

		0.0003337779		0.9961800703

		0.0003069566		0.996487027

		0.0002822906		0.9967693176

		0.0002596067		0.9970289243

		0.0002387456		0.99726767

		0.0002195608		0.9974872308

		0.0002019176		0.9976891484

		0.0001856922		0.9978748406

		0.0001707706		0.9980456113

		0.0001570481		0.9982026593

		0.0001444282		0.9983470876

		0.0001328225		0.99847991

		0.0001221493		0.9986020593

		0.0001123338		0.9987143931

		0.000103307		0.9988177001

		0.0000950056		0.9989127058

		0.0000873713		0.9990000771

		0.0000803504		0.9990804275

		0.0000738937		0.9991543212

		0.0000679559		0.9992222771

		0.0000624952		0.9992847723

		0.0000574733		0.9993422456

		0.0000528549		0.9993951005

		0.0000486077		0.9994437082

		0.0000447017		0.9994884099

		0.0000411097		0.9995295196

		0.0000378062		0.9995673258

		0.0000347682		0.999602094

		0.0000319744		0.9996340684

		0.000029405		0.9996634734

		0.0000270421		0.9996905156

		0.0000248691		0.9997153847

		0.0000228707		0.9997382554

		0.0000210329		0.9997592883

		0.0000193428		0.9997786311

		0.0000177885		0.9997964196

		0.000016359		0.9998127786

		0.0000150445		0.9998278231

		0.0000138356		0.9998416586

		0.0000127238		0.9998543824

		0.0000117013		0.9998660837

		0.0000107611		0.9998768448

		0.0000098963		0.9998867411

		0.0000091011		0.9998958422

		0.0000083698		0.999904212

		0.0000076972		0.9999119092

		0.0000070787		0.9999189879

		0.0000065099		0.9999254977

		0.0000059867		0.9999314845

		0.0000055057		0.9999369902

		0.0000050633		0.9999420534

		0.0000046564		0.9999467098

		0.0000042822		0.999950992

		0.0000039381		0.9999549302

		0.0000036217		0.9999585518

		0.0000033306		0.9999618824

		0.000003063		0.9999649454

		0.0000028169		0.9999677623

		0.0000025905		0.9999703528

		0.0000023823		0.9999727352

		0.0000021909		0.9999749261

		0.0000020149		0.9999769409

		0.0000018529		0.9999787939

		0.0000017041		0.9999804979

		0.0000015671		0.9999820651

		0.0000014412		0.9999835062

		0.0000013254		0.9999848316

		0.0000012189		0.9999860505

		0.0000011209		0.9999871714

		0.0000010309		0.9999882023

		0.000000948		0.9999891503

		0.0000008718		0.9999900222

		0.0000008018		0.999990824

		0.0000007374		0.9999915613

		0.0000006781		0.9999922394

		0.0000006236		0.999992863

		0.0000005735		0.9999934365

		0.0000005274		0.9999939639

		0.000000485		0.999994449

		0.0000004461		0.999994895

		0.0000004102		0.9999953053

		0.0000003773		0.9999956825

		0.0000003469		0.9999960295



HHH Probability

HHH Cumulative

sequence length

probability

Probability of first occurrence of HHH



Sheet1

		Probabilities of first occurrence of patterns in coin toss sequences

				P(1)		P(0)				P(1) value can be modified

				0.5		0.5

		HHH										HHTH or HHHH

		P(111)		Position		Probability		Cumulative				P(11X1)		Position		P(1111)		P(1101)		Probability		Cumulative

				1		0.000000		0.000000						1		0.000000		0.000000		0.000000		0.000000

				2		0.000000		0.000000						2		0.000000		0.000000		0.000000		0.000000

				3		0.125000		0.125000						3		0.000000		0.000000		0.000000		0.000000

				4		0.062500		0.187500						4		0.062500		0.062500		0.125000		0.125000

				5		0.062500		0.250000						5		0.031250		0.062500		0.093750		0.218750

				6		0.062500		0.312500						6		0.031250		0.046875		0.078125		0.296875

				7		0.054688		0.367188						7		0.023438		0.039063		0.062500		0.359375

				8		0.050781		0.417969				better -->		8		0.023438		0.035156		0.058594		0.417969

				9		0.046875		0.464844						9		0.021484		0.033203		0.054688		0.472656

				10		0.042969		0.507813						10		0.019531		0.030273		0.049805		0.522461

				11		0.039551		0.547363						11		0.017578		0.027344		0.044922		0.567383

				12		0.036377		0.583740						12		0.015869		0.024658		0.040527		0.607910

				13		0.033447		0.617188						13		0.014404		0.022339		0.036743		0.644653

				14		0.030762		0.647949						14		0.013062		0.020264		0.033325		0.677979

				15		0.028290		0.676239						15		0.011841		0.018372		0.030212		0.708191

				16		0.026016		0.702255						16		0.010727		0.016647		0.027374		0.735565

				17		0.023926		0.726181						17		0.009720		0.015083		0.024803		0.760368

				18		0.022003		0.748184						18		0.008808		0.013668		0.022476		0.782845

				19		0.020235		0.768419						19		0.007982		0.012386		0.020369		0.803213

				20		0.018609		0.787028						20		0.007234		0.011225		0.018458		0.821671

				21		0.017114		0.804142						21		0.006555		0.010172		0.016727		0.838398

				22		0.015738		0.819880						22		0.005940		0.009218		0.015158		0.853556

				23		0.014474		0.834354						23		0.005383		0.008353		0.013736		0.867293

				24		0.013311		0.847665						24		0.004878		0.007570		0.012448		0.879740

				25		0.012241		0.859906						25		0.004421		0.006860		0.011280		0.891020

				26		0.011257		0.871164						26		0.004006		0.006216		0.010222		0.901242

				27		0.010353		0.881516						27		0.003630		0.005633		0.009263		0.910506

				28		0.009521		0.891037						28		0.003290		0.005105		0.008394		0.918900

				29		0.008756		0.899793						29		0.002981		0.004626		0.007607		0.926507

				30		0.008052		0.907846						30		0.002701		0.004192		0.006893		0.933401

				31		0.007405		0.915251						31		0.002448		0.003799		0.006247		0.939648

				32		0.006810		0.922061						32		0.002218		0.003442		0.005661		0.945309

				33		0.006263		0.928324						33		0.002010		0.003120		0.005130		0.950438

				34		0.005760		0.934083						34		0.001822		0.002827		0.004649		0.955087

				35		0.005297		0.939380						35		0.001651		0.002562		0.004213		0.959300

				36		0.004871		0.944252						36		0.001496		0.002322		0.003818		0.963118

				37		0.004480		0.948731						37		0.001356		0.002104		0.003460		0.966577

				38		0.004120		0.952851						38		0.001229		0.001906		0.003135		0.969712

				39		0.003789		0.956640						39		0.001113		0.001728		0.002841		0.972553

				40		0.003484		0.960124						40		0.001009		0.001566		0.002574		0.975128

				41		0.003204		0.963328						41		0.000914		0.001419		0.002333		0.977461

				42		0.002947		0.966275						42		0.000829		0.001286		0.002114		0.979575

				43		0.002710		0.968985						43		0.000751		0.001165		0.001916		0.981491

				44		0.002492		0.971477						44		0.000680		0.001056		0.001736		0.983227

				45		0.002292		0.973769						45		0.000617		0.000957		0.001573		0.984800

				46		0.002108		0.975877						46		0.000559		0.000867		0.001426		0.986226

				47		0.001938		0.977816						47		0.000506		0.000786		0.001292		0.987518

				48		0.001783		0.979598						48		0.000459		0.000712		0.001171		0.988689

				49		0.001639		0.981238						49		0.000416		0.000645		0.001061		0.989750

				50		0.001508		0.982745						50		0.000377		0.000585		0.000961		0.990711

				51		0.001387		0.984132						51		0.000341		0.000530		0.000871		0.991582

				52		0.001275		0.985407						52		0.000309		0.000480		0.000790		0.992372

				53		0.001173		0.986580						53		0.000280		0.000435		0.000716		0.993087

				54		0.001078		0.987658						54		0.000254		0.000394		0.000648		0.993736

				55		0.000992		0.988650						55		0.000230		0.000357		0.000588		0.994323

				56		0.000912		0.989562						56		0.000209		0.000324		0.000532		0.994856

				57		0.000839		0.990401						57		0.000189		0.000293		0.000483		0.995338

				58		0.000771		0.991172						58		0.000171		0.000266		0.000437		0.995776

				59		0.000709		0.991881						59		0.000155		0.000241		0.000396		0.996172

				60		0.000652		0.992534						60		0.000141		0.000218		0.000359		0.996531

				61		0.000600		0.993134						61		0.000128		0.000198		0.000325		0.996856

				62		0.000552		0.993686						62		0.000116		0.000179		0.000295		0.997151

				63		0.000507		0.994193						63		0.000105		0.000162		0.000267		0.997418

				64		0.000467		0.994660						64		0.000095		0.000147		0.000242		0.997661

				65		0.000429		0.995089						65		0.000086		0.000133		0.000219		0.997880

				66		0.000395		0.995483						66		0.000078		0.000121		0.000199		0.998079

				67		0.000363		0.995846						67		0.000071		0.000110		0.000180		0.998259

				68		0.000334		0.996180						68		0.000064		0.000099		0.000163		0.998422

				69		0.000307		0.996487						69		0.000058		0.000090		0.000148		0.998570

				70		0.000282		0.996769						70		0.000053		0.000082		0.000134		0.998704

				71		0.000260		0.997029						71		0.000048		0.000074		0.000122		0.998826

				72		0.000239		0.997268						72		0.000043		0.000067		0.000110		0.998936

				73		0.000220		0.997487						73		0.000039		0.000061		0.000100		0.999036

				74		0.000202		0.997689						74		0.000035		0.000055		0.000090		0.999126

				75		0.000186		0.997875						75		0.000032		0.000050		0.000082		0.999208

				76		0.000171		0.998046						76		0.000029		0.000045		0.000074		0.999283

				77		0.000157		0.998203						77		0.000026		0.000041		0.000067		0.999350

				78		0.000144		0.998347						78		0.000024		0.000037		0.000061		0.999411

				79		0.000133		0.998480						79		0.000022		0.000034		0.000055		0.999466

				80		0.000122		0.998602						80		0.000020		0.000030		0.000050		0.999516

				81		0.000112		0.998714						81		0.000018		0.000028		0.000045		0.999562

				82		0.000103		0.998818						82		0.000016		0.000025		0.000041		0.999603

				83		0.000095		0.998913						83		0.000015		0.000023		0.000037		0.999640

				84		0.000087		0.999000						84		0.000013		0.000021		0.000034		0.999674

				85		0.000080		0.999080						85		0.000012		0.000019		0.000031		0.999704

				86		0.000074		0.999154						86		0.000011		0.000017		0.000028		0.999732

				87		0.000068		0.999222						87		0.000010		0.000015		0.000025		0.999757

				88		0.000062		0.999285						88		0.000009		0.000014		0.000023		0.999780

				89		0.000057		0.999342						89		0.000008		0.000013		0.000021		0.999801

				90		0.000053		0.999395						90		0.000007		0.000011		0.000019		0.999819

				91		0.000049		0.999444						91		0.000007		0.000010		0.000017		0.999836

				92		0.000045		0.999488						92		0.000006		0.000009		0.000015		0.999852

				93		0.000041		0.999530						93		0.000005		0.000008		0.000014		0.999866

				94		0.000038		0.999567						94		0.000005		0.000008		0.000013		0.999878

				95		0.000035		0.999602						95		0.000004		0.000007		0.000011		0.999890

				96		0.000032		0.999634						96		0.000004		0.000006		0.000010		0.999900

				97		0.000029		0.999663						97		0.000004		0.000006		0.000009		0.999909

				98		0.000027		0.999691						98		0.000003		0.000005		0.000009		0.999918

				99		0.000025		0.999715						99		0.000003		0.000005		0.000008		0.999926

				100		0.000023		0.999738						100		0.000003		0.000004		0.000007		0.999933

				101		0.000021		0.999759						101		0.000002		0.000004		0.000006		0.999939

				102		0.000019		0.999779						102		0.000002		0.000003		0.000006		0.999945

				103		0.000018		0.999796						103		0.000002		0.000003		0.000005		0.999950

				104		0.000016		0.999813						104		0.000002		0.000003		0.000005		0.999954

				105		0.000015		0.999828						105		0.000002		0.000003		0.000004		0.999959

				106		0.000014		0.999842						106		0.000002		0.000002		0.000004		0.999963

				107		0.000013		0.999854						107		0.000001		0.000002		0.000004		0.999966

				108		0.000012		0.999866						108		0.000001		0.000002		0.000003		0.999969

				109		0.000011		0.999877						109		0.000001		0.000002		0.000003		0.999972

				110		0.000010		0.999887						110		0.000001		0.000002		0.000003		0.999975

				111		0.000009		0.999896						111		0.000001		0.000001		0.000002		0.999977

				112		0.000008		0.999904						112		0.000001		0.000001		0.000002		0.999979

				113		0.000008		0.999912						113		0.000001		0.000001		0.000002		0.999981

				114		0.000007		0.999919						114		0.000001		0.000001		0.000002		0.999983

				115		0.000007		0.999925						115		0.000001		0.000001		0.000002		0.999985

				116		0.000006		0.999931						116		0.000001		0.000001		0.000001		0.999986

				117		0.000006		0.999937						117		0.000001		0.000001		0.000001		0.999987

				118		0.000005		0.999942						118		0.000000		0.000001		0.000001		0.999989

				119		0.000005		0.999947						119		0.000000		0.000001		0.000001		0.999990

				120		0.000004		0.999951						120		0.000000		0.000001		0.000001		0.999991

				121		0.000004		0.999955						121		0.000000		0.000001		0.000001		0.999991

				122		0.000004		0.999959						122		0.000000		0.000000		0.000001		0.999992

				123		0.000003		0.999962						123		0.000000		0.000000		0.000001		0.999993

				124		0.000003		0.999965						124		0.000000		0.000000		0.000001		0.999994

				125		0.000003		0.999968						125		0.000000		0.000000		0.000001		0.999994

				126		0.000003		0.999970						126		0.000000		0.000000		0.000001		0.999995

				127		0.000002		0.999973						127		0.000000		0.000000		0.000000		0.999995

				128		0.000002		0.999975						128		0.000000		0.000000		0.000000		0.999996

				129		0.000002		0.999977						129		0.000000		0.000000		0.000000		0.999996

				130		0.000002		0.999979						130		0.000000		0.000000		0.000000		0.999996

				131		0.000002		0.999980						131		0.000000		0.000000		0.000000		0.999997

				132		0.000002		0.999982						132		0.000000		0.000000		0.000000		0.999997

				133		0.000001		0.999984						133		0.000000		0.000000		0.000000		0.999997

				134		0.000001		0.999985						134		0.000000		0.000000		0.000000		0.999998

				135		0.000001		0.999986						135		0.000000		0.000000		0.000000		0.999998

				136		0.000001		0.999987						136		0.000000		0.000000		0.000000		0.999998

				137		0.000001		0.999988						137		0.000000		0.000000		0.000000		0.999998
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